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Abstract. This study shows that shear stress reciprocity is not prerequisite for nonpolar 
materials. By regarding the element forming a continuum as a rigid body whose rotation 
cannot be neglected, new equations of motion for continuum are obtained, in which shear 
stress reciprocity is not necessary. Under the new stress state, the constitutive equation of 
elastomer is modified, in which the strain tensor reciprocity is also not necessary. Then, 
the wave equation is derived with new motion, constitutive and geometric equations, which 
is identical to the previous one. By explaining the nature of shear wave, it is concluded that 
the element rotates and the shear stress is not reciprocal in the curl field. 
  
  
In order to study the forces and movements of materials occupying a certain space, 
the macroscopic medium is considered to satisfy the continuum hypothesis, in which the 
structures of real fluid and solid are considered to be perfectly continuous and are paid no 
attention to their molecular structure [1, 2]. Then, the continuum mechanics is established 
to describe the forces and movements of continuum materials based on the basic hypothesis. 
The dynamics of continuums is considered to still satisfy Newton's law, and the element 
translation only needs to be considered when describing its conservation of moment of 
momentum [3, 4, 5]. This means that the possible rotation of the nonzero-volume element 
constituting a continuum is ignored and its movement is treated as particle. Hence, for non-
polar materials, the balance of moment of momentum is automatically satisfied and the 
local momentum conservation is only required to describe the stress state of continuum [6, 
7]. Based on the above hypothesis, the Cauchy stress tensor, also known as the true stress 
tensor, is considered to fully describe the stress state at a point under the current 
configuration and to be a second-order symmetric stress tensor for non-polar materials [7, 
8]. 
The continuum mechanics is widely used to describe macroscopic mechanical 
properties of continuum. One of the important applications of the continuum mechanics is 
to describe the forces and deformations of elastomers. For a linear elastomer, the strain 
state is also considered to be a second-order symmetric tensor, which can be expressed by 
the symmetrical component of the displacement gradient [1, 9]. Bringing the stress-strain 
relationship of linear elastomer into the equation of momentum conservation, the wave 
equation can be obtained. However, from the definition of shear wave, the non-reciprocal 
strain and stress tensors are obtained. The stress state conflicts with that obtained from the 
  
current continuum mechanics, in which the element forming a continuum doesn’t rotate. 
Meanwhile, it seems that the relationship between stress and strain caused by the shear 
wave is unable to be described by the constitutive relation of the current elasticity theory 
in which the stress and strain tensors should be symmetrical. In fact, the similar conflicts 
also exist in the process of the establishment of the Navier-Stokes equation due to the shear 
stress reciprocity must be satisfied [2]. This motivates me to conduct this study. 
This study will establish the motion equations for continuum by considering that the 
rotation of element cannot be neglected. Then, the new motion equations are used to 
explain the existence of shear waves in elastomer. By explaining the nature of shear wave, 
it is proved that the shear stress reciprocity is not necessary for nonpolar materials. 
Before conducting my work, let us retrospect the physical meaning of the differential 
equation of motion in current continuum mechanics. As that no-sized points can't fill three-
dimensional space, the motion equation of the current continuum mechanics should 
describe the motion of nonzero-volume element, which is treated as a point on the macro 
scale. Only considering the element translation, the motion equation in differential form of 
continuum is expressed as [7] 
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here, d dt  is the material derivative, ▽ is the vector operator del, σS is a symmetric 
second-order stress tensor, f is body force which is no curl field, ρ is the mass density, V is 
the velocity of the element which can be treated as a point (or particle). Equation (1) is 
obtained by Gauss’s theory, with which a surface integral is transformed into a volume 
integral. Therefore, it implies that an element is a material volume that the dynamics of 
  
continuum in its subregion is constant and its size should be related to the force of the 
continuum (or the boundary conditions). For example, the entire plate can be regarded as 
an element for a uniformly stretched plate. 
Now let us establish the motion equation of the continuum by considering that the 
rotation of the element forming the continuum cannot be neglected. At some instant, the 
motion of the element can be treated as the motion of a rigid body under the description of 
Lagrange. Therefore, the motion of the element forming a continuum can be decomposed 
into a superposition of translation and rotation around its centroid. The law of moment of 
momentum of a continuum is expressed as 
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here, r is the spatial position vector from a fixed origin, F is the surface force, σ is a second-
order stress tensor and n is the unit vector normal to the boundary. 
Because the dynamic equation is linear and satisfies the superposition principle, 
Equation (2) can be decomposed into the conservation of moment of momentum of 
translation and rotation: 
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here, VA is the centroid speed of mass, ' A V V V  is the velocity relative to the centroid 
of mass, σA is the anti-symmetric component of tress tensor σ. It is easy to obtain that the 
surface force described by an anti-symmetric stress tensor has only a tangential component. 
Equation (4) is the conservation of moment of momentum of current continuum mechanics 
and the motion of the continuum can be described by equation (1). Equation (5) is the added 
conservation of moment of momentum in this study, which is related to the rotation of the 
element. Only if the rotation of the element is not negligible, Equation (1) is insufficient to 
describe the motion of the continuum. 
 
FIG. 1 Schematic view of a small cylindrical element at a point with radius R and height 
h. VA is the centroid speed of element. 
In order to describe the rotation of an element in term of differential form, the element 
is treated as a cylinder whose axis is parallel to the axis of rotation (as shown in FIG. 1). 
Equation (5) can be also written as: 
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Here, ez is the unit vector normal to the surface, ε is the permutation tensor, en is the vertical 
basis vector and T is the surface force from anti-symmetric part of the stress tensor σ. 
Transforming a line integral into a surface integral with Stokes’ theorem, Equation (8) can 
be written in differential form: 
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with M defined to be the torsion force. Equations (1) and (10) are given in this paper to 
describe the motion of a continuum in differential form, which consider the rotation of the 
element forming the continuum. Below, the two equation will be used to establish wave 
equations of the linear elastomer and to interpret the nature of shear waves. 
Without considering the rotation of the element, the shear stresses are reciprocal in 
the present continuum mechanics. Therefore, the strain in elastic theory, which describes 
the deformation of elastomer under force, must satisfy the shear strain reciprocity. The 
symmetric part of the displacement gradient is only used to express the strain and the anti-
symmetric part of the displacement gradient is treated as the local rigid body rotation of 
the element without contribute stress [[7[8]. In this paper, the stress tensor describing the 
stress state of the continuous medium is no longer symmetric because the element can 
rotate. Therefore, the strain tensor describing the deformation of elastomer should also be 
  
an asymmetric tensor when the stress tensor of an elastomer is asymmetric. As a 
consequence of this, the anti-symmetric stress tensor causing the rotation of the element of 
elastomer should be offered by the local rigid body rotation expressed by the anti-
symmetric part of the displacement gradient. That is, the so-called local rigid body rotation 
should be another kind of deformation. 
Since the reciprocities of stress and strain for an elastomer are no longer necessary in 
this study, the elastic tensor constructing the stress-strain relationship should also be 
different from the previous one. Then, the stress-strain relationship of elastomer is 
expressed as follows: 
 :C e ,  (12) 
 e u ,  (13) 
here, e is a second-order strain tensor which could be an asymmetric tensor, u is the 
displacement and C is a fourth-order elastic tensor. For isotropic elastomers, its elastic 
tensor in component form should be expressed as 
 2ijkl ij kl ik jlC      ,  (14) 
where, λ and μ are Lamé constants, δ is the Kronecker delta symbol. When the displacement 
field caused by deformation is no curl field, the strain and stress tensor are symmetric and 
the elements constituting the elastomer only undergo translation. It is obtained from 
Equations (13)-(14) that the strain and stress tensor are symmetric when the displacement 
field caused by deformation is a divergence field. When the displacement field caused by 
deformation is a pure curl field, the strain and stress tensor are anti-symmetric. As a result, 
the elements constituting an elastomer only undergo rotation around its center of mass. 
  
Separating the pure curl field from the divergence field, the stress-strain relationship 
of elastomer can be expressed as 
 :S SC e ,  (15) 
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 A Ae u ,  (18) 
where, eS and eA are the symmetric part and anti-symmetric part of the strain tenser e, 
respectively, uS is no curl displacement field, which can expressed by the gradient of a 
scalar potential (uS =▽φ), uS is a curled displacement field, which can expressed by the 
curl of a vector potential (uA =▽×ψ). Substituting Equations (15) and (16) into Equation 
(1), the wave equation corresponding to the divergence field is derived: 
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This equation means that the longitudinal wave equation can be only derived when the 
translation of element is solely considered. Substituting Equations (16) and (18) into 
Equation (10) the wave equation corresponding to the curl field is derived: 
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That is, the shear wave equation is derived from the curl field that describes the rotation of 
element. By superposing equation (19) and equation (20), the wave equation of the 
elastomer is obtained: 
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This equation is identical to the previous wave equation of isotropic elastomer in form [7], 
but has different physical meaning. 
Suppose a plane shear wave propagates along the x1 coordinate and the displacement 
is along x2, it is obtained that the strain and stress tensor at one point have only one 
component (e12= u2,1 and σ12 = μu2,1). The states of strain and stress obtained from the 
definition of shear wave are not consistent with the description of current continuum 
mechanics, from which the stress tensor should be symmetric tensor. Hence the current 
continuum mechanics cannot explain the existence of shear wave in elastomer. With my 
model, the Asymmetric strain and stress tensor obtained from the definition of shear wave 
both can be decomposed into a traceless symmetric tensor and an anti-symmetric tensor. 
According to the model in this study, the shear wave corresponds to the rotation of the 
element caused by the curled deformation field and the deformation without volume 
variation caused by the divergent deformation field. From the perspective of shear wave 
interpretation, it is obtained that the element rotation should be consider to describe the 
motion of continuum in the continuum mechanics and then the shear stress reciprocity 
shouldn’t be prerequisite. 
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